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Yangians and cohomology rings of Laumon
spaces
Boris Feigin, Michael Finkelberg, Andrei Negut and Leonid
Rybnikov
To our friend Sasha Shen on his 50th birthday
Abstract. Laumon moduli spaces are certain smooth closures of the
moduli spaces of maps from the projective line to the flag variety of
GLn. We construct the action of the Yangian of sln in the cohomology
of Laumon spaces by certain natural correspondences. We construct the
action of the affine Yangian (two-parametric deformation of the univer-
sal enveloping algebra of the universal central extension of sln[s
±1, t])
in the cohomology of the affine version of Laumon spaces. We compute
the matrix coefficients of the generators of the affine Yangian in the
fixed point basis of cohomology. This basis is an affine analogue of the
Gelfand-Tsetlin basis. The affine analogue of the Gelfand-Tsetlin alge-
bra surjects onto the equivariant cohomology rings of the affine Laumon
spaces. The cohomology ring of the moduli space Mn,d of torsion free
sheaves on the plane, of rank n and second Chern class d, trivialized
at infinity, is naturally embedded into the cohomology ring of certain
affine Laumon space. It is the image of the center Z of the Yangian of
gln naturally embedded into the affine Yangian. In particular, the first
Chern class of the determinant line bundle on Mn,d is the image of a
noncommutative power sum in Z.
1. Introduction
1.1. Laumon spaces and Yangians
This note is a sequel to [7]. The moduli spaces Qd were introduced by G. Lau-
mon in [13] and [14]. They are certain partial compactifications of the moduli
spaces of degree d based maps from P1 to the flag variety Bn of GLn. In [7]
we have studied the equivariant cohomology ring H•
T˜×C∗
(Qd) where T˜ is a
Cartan torus of GLn acting naturally on the target Bn, and C
∗ acts as “loop
rotations” on the source P1. The method of [7] was to introduce an action of
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U(gln) on V =
⊕
dH
•
T˜×C∗
(Qd)⊗H•
T˜×C∗
(pt) Frac(H
•
T˜×C∗
(pt)) by certain natu-
ral correspondences, and then to realize the cohomology ring H•
T˜×C∗
(Qd) as
a certain quotient of the Gelfand-Tsetlin subalgebra G ⊂ U(gln).
In this note we adopt the following approach to the Gelfand-Tsetlin sub-
algebra going back to I. Cherednik. Namely, G is the image of the maximal
commutative subalgebra A of the Yangian Y (gln) (Gelfand-Tsetlin subalge-
bra) under the evaluation homomorphism to U(gln) (see [16]). Composing the
evaluation homomorphism Y (gln) to U(gln) with the action of U(gln) on V
we obtain an action of Y (gln) on V . The main observation of this note is that
the “new Drinfeld generators” [5] of Y (sln) ⊂ Y (gln) act on V by natural
correspondences (Theorem 2.12). In fact they are very similar to the corre-
spondences used by M. Varagnolo [25] to construct the action of Yangians in
the equivariant cohomology of quiver varieties.
1.2. Affine Laumon spaces and affine Gelfand-Tsetlin bases
There is an affine version of the Laumon spaces, namely the moduli
spaces Pd of parabolic sheaves on P
1 × P1, see [8]. The similar correspon-
dences give rise to the action of the affine Yangian Ŷ (two-parametric
deformation of the universal enveloping algebra of the universal central
extension of sln[s
±1, t], see [12]) on the localized equivariant cohomology
M =
⊕
dH
•
T˜×C∗×C∗
(Pd) ⊗H•
T˜×C∗×C∗
(pt) Frac(H
•
T˜×C∗×C∗
(pt)) where the
second copy of C∗ acts by the loop rotation on the second copy of P1
(Theorem 3.19). We compute explicitly the action of Drinfeld generators of
Ŷ in the fixed point basis of M (Theorem 3.20).
Since the fixed point basis of V corresponds to the Gelfand-Tsetlin basis
of the universal Verma module over U(gln), we propose to call the fixed point
basis of M the affine Gelfand-Tsetlin basis. In particular, Conjecture 3.13
asserts that M is isomorphic to the universal Verma module over U(ĝln).
Moreover, we expect that the specialization of the affine Gelfand-Tsetlin basis
gives rise to a basis in the integrable ĝln-modules (which we also propose to
call the affine Gelfand-Tsetlin basis), see Conjecture 3.25. It seems likely
that applying the Schur-Weyl functor of [12] to these integrable modules and
then going to the limit n → ∞ one obtains the “tableaux representations”
(see [21]) of the trigonometric Cherednik algebra of type A. The set of affine
Gelfand-Tsetlin patterns has a structure of ŝln-crystal of the integrable ĝln-
module (Theorem 3.26), equivalent to that of cylindric plane partitions [22].
We expect that the action of Ŷ on the integrable ĝln-modules coincides with
D. Uglov’s Yangian action [24].
1.3. Cohomology ring of the Giesecker moduli space
We prove that the maximal commutative subalgebra of Cartan currents
Aaff ⊂ Ŷ (the affine Gelfand-Tsetlin algebra) surjects onto the cohomology
ring of Pd (Theorem 4.2). Furthermore, let Mn,d denote the moduli space of
torsion free sheaves of rank n and second Chern class d, trivialized at infinity.
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The equivariant cohomology ring H•
T˜×C∗×C∗
(Mn,d) is naturally a subring of
H•
T˜×C∗×C∗
(Pd,...,d). There is a natural embedding Y (gln) →֒ Ŷ which realizes
the center ZY (gln) as a subalgebra of Aaff . This subalgebra surjects onto the
cohomology ring H•
T˜×C∗×C∗
(Mn,d) ⊂ H
•
T˜×C∗×C∗
(Pd,...,d). In particular, the
first Chern class of the determinant line bundle D0 on Mn,d is expressed as
a certain noncommutative symmetric function (a power sum of the second
kind, see [10]) Φ ∈ ZY (gln) (Theorem 5.7).
Our results are only proved when n > 2; however we expect them to
hold for n = 2 as well, and it is instructive to compare them with the known
results for n = 1. In this case Mn,d is the Hilbert scheme Hilb
d(A2). The
first Chern class of the determinant line bundle on Hilbd(A2) was computed
by M. Lehn as a certain infinite cubic expression (Calogero-Sutherland oper-
ator) of the generators of the Heisenberg algebra acting by correspondences
between Hilbert schemes. In our case the role of the Heisenberg algebra is
played by U(ĝln), and we were unable to express c1(D0) in terms of U(ĝln),
but there is an explicit formula for it in terms of ZY (gln).
Finally, let us mention a trigonometric version of our note where the
(affine) Yangian is replaced with the (toroidal) affine quantum group, and
the equivariant cohomology is replaced with the equivariant K-theory. This
is the subject of [23].
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2. Laumon spaces and sln-Yangians
2.1. Laumon spaces
We recall the setup of [7]. Let C be a smooth projective curve of genus zero.
We fix a coordinate z on C, and consider the action of C∗ on C such that
v(z) = v−2z. We have CC
∗
= {0,∞}.
We consider an n-dimensional vector space W with a basis w1, . . . , wn.
This defines a Cartan torus T ⊂ G = GLn ⊂ Aut(W ). We also consider
its 2n-fold cover, the bigger torus T˜ , acting on W as follows: for T˜ ∋ t =
(t1, . . . , tn) we have t(wi) = t
2
iwi. We denote by B the flag variety of G.
Given an (n − 1)-tuple of nonnegative integers d = (d1, . . . , dn−1), we
consider the Laumon’s quasiflags’ space Qd, see [14], 4.2. It is the moduli
space of flags of locally free subsheaves
0 ⊂W1 ⊂ . . . ⊂Wn−1 ⊂W =W ⊗ OC
such that rank(Wk) = k, and deg(Wk) = −dk.
It is known to be a smooth projective variety of dimension 2d1 + . . .+
2dn−1 + dimB, see [13], 2.10.
Qd ⊂ Qd (quasiflags based at ∞ ∈ C) formed by the flags
0 ⊂W1 ⊂ . . . ⊂Wn−1 ⊂W =W ⊗ OC
such that Wi ⊂W is a vector subbundle in a neighbourhood of ∞ ∈ C, and
the fiber of Wi at ∞ equals the span 〈w1, . . . , wi〉 ⊂W .
It is known to be a smooth quasiprojective variety of dimension 2d1 +
. . .+ 2dn−1.
2.2. Fixed points
The groupG×C∗ acts naturally on Qd, and the group T˜×C
∗ acts naturally on
Qd. The set of fixed points of T˜ ×C
∗ on Qd is finite; we recall its description
from [9], 2.11.
Let d˜ be a collection of nonnegative integers (dij), i ≥ j, such that
di =
∑i
j=1 dij , and for i ≥ k ≥ j we have dkj ≥ dij . Abusing notation we
denote by d˜ the corresponding T˜ × C∗-fixed point in Qd:
W1 = OC(−d11 · 0)w1,
W2 = OC(−d21 · 0)w1 ⊕ OC(−d22 · 0)w2,
. . . . . . . . . ,
Wn−1 = OC(−dn−1,1 · 0)w1⊕OC(−dn−1,2 · 0)w2⊕ . . .⊕OC(−dn−1,n−1 ·
0)wn−1.
2.3. Correspondences
For i ∈ {1, . . . , n − 1}, and d = (d1, . . . , dn−1), we set d + i := (d1, . . . , di +
1, . . . , dn−1). We have a correspondence Ed,i ⊂ Qd×Qd+i formed by the pairs
(W•,W
′
•) such that for j 6= i we have Wj = W
′
j , and W
′
i ⊂ Wi, see [9], 3.1.
In other words, Ed,i is the moduli space of flags of locally free sheaves
0 ⊂W1 ⊂ . . .Wi−1 ⊂W
′
i ⊂Wi ⊂Wi+1 . . . ⊂Wn−1 ⊂W
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such that rank(Wk) = k, and deg(Wk) = −dk, while rank(W
′
i) = i, and
deg(W′i) = −di − 1.
According to [13], 2.10, Ed,i is a smooth projective algebraic variety of
dimension 2d1 + . . .+ 2dn−1 + dimB+ 1.
We denote by p (resp. q) the natural projection Ed,i → Qd (resp. Ed,i →
Qd+i). We also have a map r : Ed,i → C,
(0 ⊂W1 ⊂ . . .Wi−1 ⊂W
′
i ⊂Wi ⊂Wi+1 . . . ⊂Wn−1 ⊂W) 7→ supp(Wi/W
′
i).
The correspondence Ed,i comes equipped with a natural line bundle Li
whose fiber at a point
(0 ⊂W1 ⊂ . . .Wi−1 ⊂W
′
i ⊂Wi ⊂Wi+1 . . . ⊂Wn−1 ⊂W)
equals Γ(C,Wi/W
′
i).
Finally, we have a transposed correspondence TEd,i ⊂ Qd+i × Qd.
Restricting to Qd ⊂ Qd we obtain the correspondence Ed,i ⊂ Qd×Qd+i
together with line bundle Li and the natural maps p : Ed,i → Qd, q :
Ed,i → Qd+i, r : Ed,i → C−∞. We also have a transposed correspondence
TEd,i ⊂ Qd+i×Qd. It is a smooth quasiprojective variety of dimension 2d1+
. . .+ 2dn−1 + 1.
2.4. Equivariant cohomology
We denote by ′V the direct sum of equivariant (complexified) cohomol-
ogy: ′V = ⊕dH
•
T˜×C∗
(Qd). It is a module over H
•
T˜×C∗
(pt) = C[t ⊕ C] =
C[x1, . . . , xn, ~]. Here t ⊕ C is the Lie algebra of T˜ × C
∗. We define ~ as
twice the positive generator of H2
C∗
(pt,Z). Similarly, we define xi ∈ H
2
T˜
(pt,Z)
in terms of the corresponding one-parametric subgroup. We define V =
′V ⊗H•
T˜×C∗
(pt) Frac(H
•
T˜×C∗
(pt)).
We have an evident grading
V = ⊕dVd, Vd = H
•
T˜×C∗
(Qd)⊗H•
T˜×C∗
(pt) Frac(H
•
T˜×C∗
(pt)).
2.5. Universal Verma module
We denote by U the universal enveloping algebra of gln over the field C(t⊕C).
For 1 ≤ j, k ≤ n we denote by Ejk ∈ gln ⊂ U the usual elementary matrix.
The standard Chevalley generators are expressed as follows:
ei := Ei+1,i, fi := Ei,i+1, hi := Ei+1,i+1 − Eii
(note that ei is represented by a lower triangular matrix). Note also that U is
generated by Eii, 1 ≤ i ≤ n, Ei,i+1, Ei+1,i, 1 ≤ i ≤ n−1. We denote by U≤0
the subalgebra of U generated by Eii, 1 ≤ i ≤ n, Ei,i+1, 1 ≤ i ≤ n−1. It acts
on the field C(t⊕C) as follows: Ei,i+1 acts trivially for any 1 ≤ i ≤ n−1, and
Eii acts by multiplication by ~
−1xi + i − 1. We define the universal Verma
module V over U as U ⊗U≤0 C(t ⊕ C). The universal Verma module V is an
irreducible U-module.
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2.6. The action of generators
The grading and the correspondences TEd,i,Ed,i give rise to the following
operators on V (note that though p is not proper, p∗ is well defined on the
localized equivariant cohomology due to the finiteness of the fixed point sets):
Eii = ~
−1xi + di−1 − di + i− 1 : Vd → Vd;
hi = ~
−1(xi+1 − xi) + 2di − di−1 − di+1 + 1 : Vd → Vd;
fi = Ei,i+1 = p∗q
∗ : Vd → Vd−i;
ei = Ei+1,i = −q∗p
∗ : Vd → Vd+i.
The following theorem is Theorem 2.7 of [7].
Theorem 2.7. The operators ei = Ei+1,i, Eii, fi = Ei,i+1 on V defined in 2.6
satisfy the relations in U, i.e. they give rise to the action of U on V . There is a
unique isomorphism Ψ of U-modules V and V carrying 1 ∈ H0
T˜×C∗
(Q0) ⊂ V
to the lowest weight vector 1 ∈ C(t⊕ C) ⊂ V.
2.8. Gelfand-Tsetlin basis of the universal Verma module
We will follow the notations of [15] on the Gelfand-Tsetlin bases in rep-
resentations of gln. To a collection d˜ = (dij), n − 1 ≥ i ≥ j we asso-
ciate a Gelfand-Tsetlin pattern Λ = Λ(d˜) := (λij), n ≥ i ≥ j as follows:
λnj := ~
−1xj+j−1, n ≥ j ≥ 1; λij := ~
−1xj+j−1−dij, n−1 ≥ i ≥ j ≥ 1.
Now we define ξ
d˜
= ξΛ ∈ V by the formulas (2.9)–(2.11) of loc. cit. (where
ξ = ξ0 = 1 ∈ V). According to Theorem 2.7 of loc. cit., the set {ξd˜} (over all
collections d˜) forms a basis of V.
According to the Thomason localization theorem, restriction to the T˜ ×
C∗-fixed point set induces an isomorphism
H•
T˜×C∗
(Qd)⊗H•
T˜×C∗
(pt) Frac(H
•
T˜×C∗
(pt))
∼
−→
∼
−→H•
T˜×C∗
(QT˜×C
∗
d )⊗H•
T˜×C∗
(pt) Frac(H
•
T˜×C∗
(pt))
The fundamental cycles [d˜] of the T˜ ×C∗-fixed points d˜ (see 2.2) form a
basis in ⊕dH
•
T˜×C∗
(QT˜×C
∗
d )⊗H•
T˜×C∗
(pt) Frac(H
•
T˜×C∗
(pt)). The embedding of a
point d˜ into Qd is a proper morphism, so the direct image in the equivariant
cohomology is well defined, and we will denote by [d˜] ∈ Vd the direct image
of the fundamental cycle of the point d˜. The set {[d˜]} forms a basis of V .
The following theorem is Theorem 2.11 and Proposition 2.9 of [7], cf.
also [18] 8.2.
Theorem 2.9. a) The isomorphism Ψ : V
∼
−→V of Theorem 2.7 takes [d˜] to
(−~)|d|ξ
d˜
where |d| = d1 + . . .+ dn−1.
b) The matrix coefficients of the operators ei, fi in the basis {[d˜]} are as
follows:
e
i[d˜,d˜′] = −~
−1
∏
j 6=k≤i
(xj−xk+(di,k−di,j)~)
−1
∏
k≤i−1
(xj−xk+(di−1,k−di,j)~)
if d′i,j = di,j + 1 for certain j ≤ i;
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f
i[d˜,d˜′] = ~
−1
∏
j 6=k≤i
(xk−xj +(di,j − di,k)~)
−1
∏
k≤i+1
(xk−xj +(di,j − di+1,k)~)
if d′i,j = di,j − 1 for certain j ≤ i;
All the other matrix coefficients of ei, fi vanish.
2.10. Yangian of sln
Let (akl)1≤k,l≤n−1 = An−1 stand for the Cartan matrix of sln. The Yangian
Y (sln) is the free C[~]-algebra generated by x
±
k,r ,hk,r, 1 ≤ k ≤ n− 1, r ∈ N,
with the following relations:
[hk,r,hl,s] = 0, [hk,0,x
±
l,s] = ±aklx
±
l,s, (1)
2[hk,r+1,x
±
l,s]− 2[hk,r,x
±
l,s+1] = ±~akl(hk,rx
±
l,s + x
±
l,shk,r), (2)
[x+k,r ,x
−
l,s] = δklhk,r+s, (3)
2[x±k,r+1,x
±
l,s]− 2[x
±
k,r,x
±
l,s+1] = ±~akl(x
±
k,rx
±
l,s + x
±
l,sx
±
k,r), (4)
[x±k,r , [x
±
k,p,x
±
l,s]] + [x
±
k,p, [x
±
k,r,x
±
l,s]] = 0, k = l ± 1, ∀p, r, s ∈ N. (5)
For a formal variable u we introduce the generating series hk(u) :=
1+
∑∞
r=0 hk,r~
−ru−r−1; x±k (u) :=
∑∞
r=0 x
±
k,r~
−ru−r−1. We can then rewrite
the equations (2,4) in the following form
∂u∂vhk(u)x
±
l (v)(2u− 2v ∓ akl) = −∂u∂vx
±
l (v)hk(u)(2v − 2u∓ akl) (6)
∂u∂vx
±
k (u)x
±
l (v)(2u− 2v ∓ akl) = −∂u∂vx
±
l (v)x
±
k (u)(2v − 2u∓ akl) (7)
2.11. The action of Yangian generators
For any 0 ≤ i ≤ n we will denote by Wi the tautological i-dimensional
vector bundle on Qd ×C. Let π : Qd × (C \ ∞)→ Qd denote the standard
projection. Let q stand for the character of T˜×C∗ : (t, v) 7→ v2. We define the
line bundle L′k := q
1−k
2 Lk on the correspondence Ed,k, that is L
′
k and Lk are
isomorphic as line bundles but the equivariant structure of L′k is obtained
from the equivariant structure of Lk by the twist by the character q
1−k
2 .
Finally, for a vector bundle V and a formal variable x we denote by c(V, x)
the Chern polynomial.
Consider the operators:
am(u) = u
m · p∗(c(π∗(Wm|C\∞), (−u~)
−1) · q∗) : Vd → Vd[[u
−1]][u]
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x+k,r := p∗(c1(L
′
k)
r · q∗) : Vd → Vd−k (8)
x−k,r := −q∗(c1(L
′
k)
r · p∗) : Vd → Vd+k (9)
We consider the following generating series of operators on V :
hk(u) = 1 +
∞∑
r=0
hk,r~
−ru−r−1 :=
= ak(u +
k + 1
2
)−1ak(u+
k − 1
2
)−1ak−1(u+
k − 1
2
)ak+1(u +
k + 1
2
) :
Vd → Vd[[u
−1]]; (10)
x+k (u) =
∞∑
r=0
x+k,r~
−ru−r−1 : Vd → Vd−k[[u
−1]] (11)
x−k (u) =
∞∑
r=0
x−k,r~
−ru−r−1 : Vd → Vd+k[[u
−1]] (12)
Theorem 2.12. The operators hk,r,x
±
k,r on V defined in 2.11 satisfy the re-
lations in Y (sln), i.e. they give rise to the action of Y (sln) on V .
Proof. We identify V with the universal Verma module V via the isomor-
phism Ψ of Theorem 2.7. We consider the operators Am(u),Bm(u),Cm(u) :
V → V[u], 1 ≤ m ≤ n − 1, and also A0(u) = 1, and An(u), introduced
in [16] 5.3. The explicit formula for the (diagonal) action of Am(u) in the
Gelfand-Tsetlin basis {ξ
d˜
} of V is given in Theorem 5.3.4 of [16]. It reads
Am(u)ξd˜ = (u+ ~
−1x1 − dm1) . . . (u+ ~
−1xm − dmm)ξd˜ (13)
The explicit formula for the (diagonal) action of am(u) in the fixed point
basis {[d˜]} of V is given in the proof of Theorem 3.5 of [7]. Comparing the
two formulas we see that the eigenvalues of Am(u) in the Gelfand-Tsetlin
basis coincide with the eigenvalues of am(u) in the fixed point basis. Now
Theorem 2.9 implies that Ψ takes am(u) to Am(u).
Recall that there is another “RTT” presentation of Y (sln), see [16]. It is
related to the “new Drinfeld presentation” 2.10 by the Drinfeld isomorphism
(see [16] 5.3 and 3.1.8):
hk(u) = Ak(u+
k + 1
2
)−1Ak(u+
k − 1
2
)−1Ak−1(u+
k − 1
2
)Ak+1(u+
k + 1
2
)
(14)
x+k (u) = Ak(u+
k − 1
2
)−1Bk(u +
k − 1
2
) (15)
x−k (u) = Ck(u+
k − 1
2
)Ak(u+
k − 1
2
)−1 (16)
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According to [16], the operators Ak(u),Bk(u),Ck(u) arise from an ac-
tion of Y (sln) in the RTT presentation, so the LHS of equations (14,15,16)
do satisfy the relations (1–5). So in order to prove the theorem, it remains to
check that the isomorphism Ψ takes the generating series of the LHS of (11)
(resp. of (12)) to the LHS of (15) (resp. of (16)). We consider the case of
x−k (u), the case of x
+
k (u) being absolutely similar.
The character of T˜ × C∗ in the fiber of the line bundle Li at a point
(d˜, d˜′) ∈ Ed,i equals −xj + dij~ if d
′
ij = dij + 1 for certain j ≤ i. It follows
from Theorem 2.9 b) that the matrix coefficients of x−i,r in the basis {[d˜]} are
given by
x−
i,r[d˜,d˜′]
= (−xj + (dij +
1− i
2
)~)re
i[d˜,d˜′] == −~
−1(−xj + (dij +
1− i
2
)~)r ·∏
j 6=k≤i
(xj − xk + (di,k − di,j)~)
−1
∏
k≤i−1
(xj − xk + (di−1,k − di,j)~) (17)
if d′i,j = di,j +1 for certain j ≤ i, and all the other matrix coefficients vanish.
On the other hand, the matrix coefficients of Ci(u)Ai(u)
−1 in the
Gelfand-Tsetlin basis are computed in Theorem 5.3.4 of [16]. Namely, if
d′i,j = di,j + 1 for certain j ≤ i, then specializing u = dij − ~
−1xj we have
Ci(dij − ~
−1xj)ξd˜ =
i−1∏
k=1
(~−1(xk − xj)− di−1,k + dij)ξd˜′ (18)
Since degCi(u) = i−1, we can find the matrix coefficients of Ci(u), and then
of Ci(u +
i−1
2 )Ai(u +
i−1
2 )
−1 by the Lagrange interpolation. The resulting
formula coincides with the negative of (17). Since the isomorphism Ψ takes
[d˜] to (−~)|d|ξ
d˜
, the coincidence of the two formulas completes the proof of
the theorem. 
2.13. Modified generators
We formulate a corollary which will be used in Section 3. For any 0 ≤ m <
i ≤ n we will denote by Wmi the quotient Wi/Wm of the tautological vector
bundles on Qd×C. Similarly to the above, we introduce the generating series:
ami(u) = u
i−m · p∗(c(π∗(Wmi|C\∞), (−u~)
−1) · q∗) : Vd → Vd[[u
−1]][u]
Corollary 2.14. The operator hi(u) = ami(u +
i−1
2 )
−1ami(u +
i+1
2 )
−1am,i−1(u+
i−1
2 )am,i+1(u+
i+1
2 ) does not depend on m, for any m < i.
Proof. Let us denote the RHS of the corollary by hmi(u). We have to prove
that hmi(u) = hi(u). Due to the relation (3) we have to check hmi,r+s =
[x+i,r,x
−
i,s]. This is done by reduction to the moduli stack Zk introduced in
section 3.11 of [3], absolutely similarly to loc. cit.
More precisely, we consider a k-dimensional vector space with a basis
w1, . . . ,wk, and a torus T acting on wl by the character τ
2
l . Let Zk be the
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moduli stack of flags of coherent sheaves W1 ⊂ . . . ⊂ Wk on C locally free
at ∞ ∈ C, equipped with compatible trivializations Wl|∞ = 〈w1, . . . ,wl〉.
Note that Zk has connected components numbered by the degrees of Wl.
Absolutely similarly to 2.3 we introduce the correspondences between various
connected components. They are equipped with line bundles similar to 2.3.
This gives rise to the operators Zx±i,r,
Zai(u),
Zhi,r, 1 ≤ i ≤ k − 1, on the
localized T× C∗-equivariant cohomology of Zk.
For k = n−m, we have a map zk : Qd → Zk, (W•) 7→ (Wm+1/Wm ⊂
. . . ⊂ Wn/Wm). The argument of [3, Sections 3.10,3.11] deduces the de-
sired relation hmi,r+s = [x
+
i,r ,x
−
i,s] from a certain weak form of the identity
Zhi−m,r+s = [
Zx+i−m,r,
Zx−i−m,s]. The (weak form of the) latter relation is
in turn deduced in loc. cit. from hi,r+s = [x
+
i,r,x
−
i,s].
Alternatively, the corollary can be proved by a direct calculation which
is a rational version of the trigonometric calculation in the proof of [23,
Corollary 2.16]. 
3. Parabolic sheaves and affine Yangians
In this section we generalize the previous results to the affine setting.
3.1. Parabolic sheaves
We recall the setup of section 3 of [3]. Let X be another smooth projective
curve of genus zero. We fix a coordinate y on X, and consider the action of
C∗ on X such that c(x) = c−2x. We have XC
∗
= {0X,∞X}. Let S denote
the product surface C×X. Let D∞ denote the divisor C×∞X ∪∞C ×X.
Let D0 denote the divisor C× 0X.
Given an n-tuple of nonnegative integers d = (d0, . . . , dn−1), we say
that a parabolic sheaf F• of degree d is an infinite flag of torsion free coherent
sheaves of rank n on S : . . . ⊂ F−1 ⊂ F0 ⊂ F1 ⊂ . . . such that:
(a) Fk+n = Fk(D0) for any k;
(b) ch1(Fk) = k[D0] for any k: the first Chern classes are proportional
to the fundamental class of D0;
(c) ch2(Fk) = di for i ≡ k (mod n);
(d) F0 is locally free atD∞ and trivialized atD∞ : F0|D∞ =W⊗OD∞ ;
(e) For −n ≤ k ≤ 0 the sheaf Fk is locally free at D∞, and the quotient
sheaves Fk/F−n, F0/Fk (both supported at D0 = C × 0X ⊂ S) are both
locally free at the point∞C×0X; moreover, the local sections of Fk|∞C×X are
those sections of F0|∞C×X =W ⊗ OX which take value in 〈w1, . . . , wn+k〉 ⊂
W at 0X ∈ X.
The fine moduli space Pd of degree d parabolic sheaves exists and is a
smooth connected quasiprojective variety of dimension 2d0 + . . .+ 2dn−1.
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3.2. Fixed points
The group T˜ ×C∗×C∗ acts naturally on Pd, and its fixed point set is finite.
In order to describe it, we recall the well known description of the fixed point
set of C∗ × C∗ on the Hilbert scheme of (C − ∞C) × (X − ∞X). Namely,
the fixed points are parametrized by the Young diagrams, and for a diagram
λ = (λ0 ≥ λ1 ≥ . . .) (where λN = 0 for N ≫ 0) the corresponding fixed
point is the ideal Jλ = C[z] · (Cy
0zλ0 ⊕Cy1zλ1 ⊕ . . .). We will view Jλ as an
ideal in OC×X coinciding with OC×X in a neighbourhood of infinity.
We say λ ⊃ µ if λi ≥ µi for any i ≥ 0. We say λ⊃˜µ if λi ≥ µi+1 for any
i ≥ 0.
We consider a collection λ = (λkl)1≤k,l≤n of Young diagrams satisfying
the following inequalities:
λ11 ⊃ λ21 ⊃ . . . ⊃ λn1⊃˜λ11; λ22 ⊃ λ32 ⊃ . . . ⊃ λ12⊃˜λ22; . . . ;
λnn ⊃ λ1n ⊃ . . . ⊃ λn−1,n⊃˜λnn (19)
We set dk(λ) =
∑n
l=1 |λ
kl|, and d(λ) = (d0(λ) := dn(λ), . . . , dn−1(λ)).
Given such a collection λ we define a parabolic sheaf F• = F•(λ), or
just λ by an abuse of notation, as follows: for 1 ≤ k ≤ n we set
Fk−n =
⊕
1≤l≤k
Jλklwl ⊕
⊕
k<l≤n
Jλkl(−D0)wl (20)
Lemma 3.3. The correspondence λ 7→ F•(λ) is a bijection between the set of
collections λ satisfying (19) such that d(λ) = d, and the set of T˜ ×C∗ ×C∗-
fixed points in Pd.
Proof. It is easy to see that flags of the form (20) are torus fixed points. Note
that the condition λkk⊂˜λk−1,k appears because of the twists by D0 in (20).
Conversely, any torus fixed point splits up as a sum of rank 1 torsion free
sheaves:
Fk−n =
⊕
l
Tklwl,
just as in the well-known case of rank n torsion free sheaves on a surface.
The rank 1 torsion free sheaves Tkl are just twisted ideal sheaves: Tkl = Jλkl
for l ≤ k and Tkl = Jλkl(−D0) for l > k, as follows from the framing and
c1 conditions. Finally, the fact that the partitions λ
kl have to satisfy (19) is
simply equivalent to the conditions Fk−n ⊂ Fk−1−n. 
3.4. Parabolic sheaves as orbifold sheaves
We will now introduce a different realization of parabolic sheaves, and
another parameterization of the fixed point set which is very closely
related to this new realization. We first learned of this construction from
A. Okounkov, though it is already present in the work of Biswas [2]. Let
σ : C ×X → C ×X denote the map σ(z, y) = (z, yn), and let G = Z/nZ.
Then G acts on C ×X by multiplying the coordinate on X with the n−th
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roots of unity.
A parabolic sheaf F• is completely determined by the flag of sheaves
F0(−D0) ⊂ F−n+1 ⊂ ... ⊂ F0,
satisfying conditions 3.1.(a–e). To F• we can associate a single G-invariant
sheaf F˜ on C×X:
F˜ = σ∗F−n+1 + σ
∗F−n+2(−D0) + ...+ σ
∗F0(−(n− 1)D0).
This G invariant sheaf determines a parabolic sheaf if and only if it satisfies
certain numeric and framing conditions that mimick conditions 3.1.(b–d):
(b′) ch1(F˜) = −
n(n−1)
2 [D0];
(c′) ch2(F˜) = d1 + ...+ dn;
(d′) F˜ is locally free at D∞ and trivialized there:
F˜|D∞ = OD∞ ⊕ OD∞(−D0)⊕ ...⊕ OD∞(−(n− 1)D0).
If F• is a T˜ ×C
∗×C∗ fixed parabolic sheaf corresponding to a collection
λ as in the previous section, then we have
F˜ =
n⊕
l=1
Jλl(−(l − 1)D0)wl, (21)
where (λ1, ..., λn) is a collection of partitions, given by
λl
ni−n⌊ k−l
n
⌋+k−l
= λkli . (22)
Here ⌊k−l
n
⌋ stands for the maximal integer smaller than or equal to k−l
n
.
For j ∈ Z, let (j mod n) denote that element of {1, . . . , n} which is
congruent to j modulo n. For i ≥ j ∈ Z, if we denote
dij = λ
j mod n
i−j (23)
we obtain a collection (dij) = d˜ = d˜(λ) of non-negative integers with the
properties that
dkj ≥ dij ∀i ≥ k ≥ j; di+n,j+n = dij ∀i ≥ j; dij = 0 for i− j ≫ 0. (24)
For 1 ≤ k ≤ n, let us write
dk(d˜) =
∑
j≤k
dkj =
n∑
l=1
∑
i≤⌊ k−l
n
⌋
dk(l+ni) =
=
n∑
l=1
∑
i≥0
λl
ni−n⌊ k−l
n
⌋+k−l
=
n∑
l=1
∑
i≥0
λkli = dk(λ).
The collection (d1(d˜), . . . , dn(d˜)) = (d1(λ), . . . , dn(λ)) will be denoted by
‖d˜‖ = ‖λ‖. Summarizing the above discussion, we have:
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Lemma 3.5. The correspondence λ 7→ d˜(λ) is a bijection between the set of
collections λ satisfying (19), and the set D of collections d˜ satisfying (24).
We have ‖λ‖ = ‖d˜(λ)‖.
By virtue of Lemmas 3.3 and 3.5 we will parametrize and sometimes
denote the T˜ ×C∗×C∗-fixed points in Pd by collections d˜ such that d = ‖d˜‖.
3.6. Correspondences
If the collections d and d′ differ at the only place i ∈ I := Z/nZ, and d′i =
di + 1, then we consider the correspondence Ed,i ⊂ Pd × Pd′ formed by the
pairs (F•,F
′
•) such that for j 6≡ i (mod n) we have Fj = F
′
j , and for j ≡ i
(mod n) we have F′j ⊂ Fj .
It is a smooth quasiprojective algebraic variety of dimension
1 + 2
∑
i∈I di.
We denote by p (resp. q) the natural projection Ed,i → Pd (resp. Ed,i →
Pd′). For j ≡ i (mod n) the correspondence Ed,i is equipped with a natural
line bundle Lj whose fiber at (F•,F
′
•) equals Γ(C,Fj/F
′
j). Finally, we have a
transposed correspondence TEd,i ⊂ Pd′ × Pd.
3.7. Equivariant cohomology
We denote by ′M the direct sum of equivariant (complexified) cohomology:
′M = ⊕dH
•
T˜×C∗×C∗
(Pd). It is a module over H
•
T˜×C∗×C∗
(pt) = C[t⊕C⊕C] =
C[x1, . . . , xn, ~, ~
′]. Here ~′ is twice the positive generator ofH2
C∗
(pt,Z) for the
second copy of C∗. We define M = ′M ⊗H•
T˜×C∗×C∗
(pt) Frac(H
•
T˜×C∗×C∗
(pt)).
We have an evident grading
M = ⊕dMd, Md = H
•
T˜×C∗×C∗
(Pd)⊗H•
T˜×C∗×C∗
(pt) Frac(H
•
T˜×C∗×C∗
(pt)).
3.8. The action of generators
The grading and the correspondences TEd,i,Ed,i give rise to the following
operators on M (note that though p is not proper, p∗ is well defined on the
localized equivariant cohomology due to the finiteness of the fixed point set
of T˜ × C∗ × C∗):
hi = ~
−1(xi+1 − xi) + δi,0~
−1
~
′ + 2di − di−1 − di+1 + 1 : Md →Md; (25)
fi = p∗q
∗ : Md →Md−i; (26)
ei = −q∗p
∗ : Md →Md+i. (27)
Theorem 3.9. For n > 2, the operators ei, hi, fi of 3.8 on M satisfy the
relations of the Chevalley generators of the Kac-Moody algebra ŝln.
The proof is entirely similar to the proof of Conjecture 3.7 of [3] in 3.8–
3.10 of loc. cit. 
Remark 3.10. The paper [3] studies the equivariant K-theory of Pd, so the
computations involved in the proof of Theorem 3.9 are the rational (simpler)
versions of the trigonometric computations of [3]. We believe Theorem 3.9
holds true for n = 2 (as well as Conjecture 3.7 of [3]). However, our method
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of verification of the relations between the Chevalley generators consists in
reduction to the finite case d0 = 0 considered in Section 2. Since the Cartan
matrix of ŝl2 contains the off-diagonal entries −2, contrary to the Cartan
matrix of sln, this method fails for n = 2. Alternatively, Theorem 3.9 can
be proved by direct calculations using the explicit matrix coefficients of the
Chevalley generators given in Theorem 3.11 below. These calculations, again,
are the rational versions of the trigonometric calculations of [23].
Similarly to Theorem 2.9, it is possible to compute the matrix coeffi-
cients of ei, fi in the basis formed by the fundamental classes of the T˜ ×C
∗×
C∗-fixed points [d˜] ∈M . To this end let us assign to a collection d˜ a collection
of weights pij := −xj (mod n) + dij~+ ⌊
−j
n
⌋~′.
Theorem 3.11. The matrix coefficients of the operators ei, fi in the basis {[d˜]}
are as follows:
e
i[d˜,d˜′] = −~
−1 pi−1,j − pij
pii − pij
∏
j 6=k≤i−1
pi−1,k − pij
pik − pij
if d′i,j = di,j +1 for certain j ≤ i (note that almost all factors in this product
are equal to 1 due to the condition (24); also, in case i = j the factor
pi−1,j−pij
pii−pij
is set to be 1);
f
i[d˜,d˜′] = ~
−1(pi+1,j − pij)(pi+1,i+1 − pij)
∏
j 6=k≤i
pi+1,k − pij
pik − pij
if d′i,j = di,j − 1 for certain j ≤ i;
All the other matrix coefficients of ei, fi vanish.
The proof will be given in section 4.22 below.
3.12. Universal Verma module over ĝln
Contrary to the case of Laumon spaces (Theorem 2.7),M is not isomorphic to
the universal Verma module over ŝln. We conjecture that M is isomorphic to
the universal Verma module over ĝln. Let us introduce some more notations
and correspondences in order to formulate the conjecture more precisely.
Note that the centre of ŝln is spanned by the element C = h0+. . .+hn−1
which acts onM as n+~′~−1. We denote by H the Heisenberg Lie algebra with
generators ai, i ∈ Z, and C
′, and relations [ap, C
′] = 0, [ap, aq] = δp,−qpC
′.
We denote by ĝln the quotient (H ⊕ ŝln)/(C
′ − nC). The universal Verma
module over ĝln is the tensor product of the universal Verma module over
ŝln and the Fock module over H.
For d = (d1, . . . , dn) and m ≥ 1 we set d+mδ := (d1 +m, . . . , dn +m).
Let Ed,mδ ⊂ Pd × Pd+mδ be the correspondence formed by all the pairs
(F•,F
′
•) such that F• ⊃ F
′
•, and the quotient F•/F
′
• is supported at a single
point in C. In this case the collection of quotients (F1/F
′
1, . . . ,Fn/F
′
n) can
be organized into a nilpotent representation T• of the cyclic quiver A˜n−1,
Yangians and cohomology rings of Laumon spaces 15
see [8] 7.4. Let E◦d,mδ ⊂ Ed,mδ be the locally closed subset formed by all
the pairs F• ⊃ F• such that the corresponding A˜n−1-representation is in-
decomposable. According to Proposition 7.8 of [8], E◦d,mδ is a union of n
middle-dimensional irreducible components. We denote by Ed,mδ the closure
of E◦d,mδ.
The correspondence Ed,mδ ⊂ Pd × Pd+mδ gives rise to the operator
Md → Md+mδ which we denote by am. The transpose correspondence gives
rise to the operator Md+mδ → Md which we denote by a−m. We set a0 =
n+ ~
′
~
. The following conjecture was proposed by A. Kuznetsov a few years
ago.
Conjecture 3.13. a) The operators am, m ∈ Z and the operators ei, hi, fi
of (25,26,27) satisfy the relations of the Lie algebra ĝln, and equip M with a
structure of ĝln-module.
b) M is isomorphic to the universal Verma module over ĝln.
Remark 3.14. V. Baranovsky [1] has defined the action of Heisenberg algebra
on the cohomology of Giesecker moduli spaces (of torsion free sheaves on
surfaces) via certain correspondences Bd,m. More precisely, let Mn,d be the
moduli space of torsion free sheaves on C ×X of rank n and second Chern
class d, trivialized at C ×∞X ∪ ∞C ×X (see [17], section 2). We have an
evident morphism η : Pd →Mn,d0 (forgetting the flag). The correspondence
Bd,m ⊂Mn,d ×Mn,d+m is formed by the pairs (F,F
′) such that F ⊃ F′, and
the quotient F/F′ is supported at a single point x of A2. We consider the
open piece
◦
Bd,m given by the condition that x lies out of C×0X. The inverse
image of
◦
Bd0,m under η gives a correspondence
◦
Bd,mδ ⊂ Pd×Pd+mδ. It seems
likely that as x tends to C× 0X, the correspondence
◦
Bd,mδ tends to Ed,mδ.
3.15. Affine Yangian
From now on we impose the restriction n > 2. Let (akl)1≤k,l≤n = Ân−1
stand for the Cartan matrix of ŝln. The Yangian Y (ŝln) is the free C[~]-
algebra generated by x±k,r ,hk,r, 1 ≤ k ≤ n, r ∈ N, with the relations (1–5)
where k, l are understood as residues modulo n, so that for instance if k = n
then k + 1 = 1.
The affine Yangian Ŷ of type Ân−1 is the free C[~, ~
′]-algebra gen-
erated by x±k,r ,hk,r, 1 ≤ k ≤ n, r ∈ N with the same relations as in
Y (ŝln) except for relations (2,4) for the pairs (k, l) = (n, 1), (1, n). These
relations are modified as follows. We introduce the shifted generating series
hn(u −
~
′
~
− n2 ) =:
′hn(u) := 1 +
∑∞
r=0
′hn,r~
−ru−r−1; x±n (u −
~
′
~
− n2 ) =:
′x±n (u) :=
∑∞
r=0
′x±k,r~
−ru−r−1. Now the new relations read
2[′hn,r+1,x
±
1,s]− 2[
′hn,r,x
±
1,s+1] = ∓~(
′hn,rx
±
1,s + x
±
1,s
′hn,r), (28)
2[h1,r+1,
′x±n,s]− 2[h1,r,
′x±n,s+1] = ∓~(h1,r
′x±n,s +
′x±n,sh1,r), (29)
2[′x±n,r+1,x
±
1,s]− 2[
′x±n,r,x
±
1,s+1] = ∓~(
′x±n,rx
±
1,s + x
±
1,s
′x±n,r). (30)
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Thus we have Y (ŝln) = Ŷ /(~
′ + n~2 ).
Remark 3.16. It is possible to define the Yangian Y (ŝl2) modifying the Serre
relations (5). However, the above definition of the affine Yangian Ŷ of type
Ân−1 makes no sense for n = 2. We do not know any reasonable definition
of Ŷ for n = 2.
Note that Ŷ is isomorphic to Ŷβ,λ introduced in [12] Definition 3.3.
Indeed, the Yangian Ŷβ,λ is generated by X
±
k,r and H
±
k,r, satisfying the
relations (1,3,5) and some modification of the relations (2,4). These modi-
fied relations can be rewritten in terms of the generating series X±k (u) =
∞∑
r=0
X±k,rλ
−ru−1−r, Hk(u) =
∞∑
r=0
H±k,rλ
−ru−1−r. The series X±k (u), Hl(u) sat-
isfy the relations (6,7) except that for the pairs (k, l) = (1, n), (n, n− 1) the
relations are modified in the following way:
∂u∂vHk(u)X
±
l (v)(2u−2v±1−
2β
λ
+1) = −∂u∂vX
±
l (v)Hk(u)(2v−2u±1+
2β
λ
−1)
(31)
∂u∂vHl(u)X
±
k (v)(2u−2v±1+
2β
λ
−1) = −∂u∂vX
±
k (v)Hl(u)(2v−2u±1−
2β
λ
+1)
(32)
∂u∂vX
±
k (u)X
±
l (v)(2u−2v±1−
2β
λ
+1) = −∂u∂vX
±
l (v)X
±
k (u)(2v−2u±1+
2β
λ
−1)
(33)
The isomorphism Ŷ → Ŷβ,λ takes ~ to λ, and ~
′ to −nλ2 +2β− λ. It is
defined on the generating series as
x±k (u) 7→ X
±
k (u), hk(u) 7→ Hk(u) for k 6= n, (34)
x±n (u−
~
′
2~
−
n
4
) 7→ X±n (u), hn(u −
~
′
2~
−
n
4
) 7→ Hn(u). (35)
3.17. The action of the affine Yangian generators
For any m ≤ i ∈ Z we will denote by Wmi the quotient Fi/Fm of the
tautological vector bundles, living on Pd × C ⊂ Pd × S. Once again, π :
Pd × (C \∞)→ Pd denotes the standard projection. Let us consider:
ami(u) = u
i−m · p∗(c(π∗(Wmi|C\∞), (−u~)
−1) · q∗) : Md →Md[[u
−1]][u]
(36)
Corollary 3.18. The expression hi(u) := ami(u +
i−1
2 )
−1ami(u +
i+1
2 )
−1am,i−1(u +
i−1
2 )am,i+1(u +
i+1
2 ) : Md → Md[[u
−1]] is independent of
m < i.
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The proof follows from Corollary 2.14 by reduction to the stack ZN ,
cf. [3, Section 3.11], and the proof of Corollary 2.14. Alternatively, it can be
proved by a direct computation which is a rational version of the trigonomet-
ric computation in the proof of [23, Corollary 4.12]. 
Recall that q stands for the character of T˜ × C∗ × C∗ : (t, v, c) 7→ v2.
We define the line bundle L′k := q
1−k
2 Lk on the correspondence Ed,k, that is
L
′
k and Lk are isomorphic as line bundles but the equivariant structure of L
′
k
is obtained from the equivariant structure of Lk by the twist by the character
q
1−k
2 .
For 1 ≤ k ≤ n we consider the following generating series of operators
on M :
hk(u) =: 1 +
∞∑
r=0
hk,r~
−ru−r−1 : Md →Md; (37)
x±k (u) =:
∞∑
r=0
x±k,r~
−ru−r−1 : Md →Md∓k[[u
−1]], (38)
where
x+k,r := p∗(c1(L
′
k)
r · q∗) : Md →Md−k; (39)
x−k,r := −q∗(c1(L
′
k)
r · p∗) : Md →Md+k. (40)
Theorem 3.19. For n > 2 the operators hk,r,x
±
k,r on M defined in (37,39,40)
satisfy the relations in Ŷ , i.e. they give rise to the action of Ŷ on M .
Proof. For arbitrary k ∈ Z we define x±k,r : Md → Md∓k by the same
formulas (39,40).
Let q′ stand for the character of T˜ × C∗ × C∗ : (t, v, c) 7→ c2. Then
we have Wm−n,i−n = q
′Wmi, that is Wm−n,i−n and Wmi are isomorphic as
vector bundles but the equivariant structure of Wm−n,i−n is obtained from
the equivariant structure of Wmi by the twist by the character q
′. It follows
that am−n,i−n(u) = ami(u−
~
′
~
), and hence hk−n(u) = hk(u−
~
′
~
− n2 ).
Similarly, for the equivariant line bundles on the correspondence Ed,k
we have Lk−n = qLk, and hence x
±
k−n(u) = x
±
k (u −
~
′
~
− n2 ). In particular,
x±0 (u) = x
±
n (u −
~
′
~
− n2 ) =
′xn(u).
Now the relations (28,29,30) follow again from Theorem 2.12 by re-
duction to the stack ZN , cf. section 3.11 of [3]. Alternatively, the desired
relations can be proved by direct computations which are rational versions
of the trigonometric computations in the proof of [23, Theorem 4.13]. 
Recall the weights pij := −xj (mod n)+ dij~+ ⌊
−j
n
⌋~′ introduced before
Theorem 3.11.
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Theorem 3.20. The matrix coefficients of the operators x±i,r in the fixed point
basis {[d˜]} of M are as follows:
x−
i,r[d˜,d˜′]
= (pij +
1− i
2
~)re
i[d˜,d˜′] =
−~−1(pij +
1− i
2
~)r
pi−1,j − pij
pii − pij
∏
j 6=k≤i−1
pi−1,k − pij
pik − pij
if d′i,j = di,j +1 for certain j ≤ i (note that almost all factors in this product
are equal to 1 due to the condition (24); also, in case i = j the factor
pi−1,j−pij
pii−pij
is set to be 1);
x+
i,r[d˜,d˜′]
= (pij −
1 + i
2
~)rf
i[d˜,d˜′] =
~
−1(pij −
1 + i
2
~)r(pi+1,j − pij)(pi+1,i+1 − pij)
∏
j 6=k≤i
pi+1,k − pij
pik − pij
if d′i,j = di,j − 1 for certain j ≤ i;
All the other matrix coefficients of x±i,r vanish.
The eigenvalue of hi(u) on [d˜] equals∏
j≤i
(u+
i+ 1
2
−pij)
−1(u+
i− 1
2
−pij)
−1(u+
i+ 1
2
−pi+1,j+1)(u+
i− 1
2
−pi−1,j−1)
Proof. Follows immediately from Theorem 3.11 and the definition of x±i,r .
The formula for hi(u) follows from the fact that the eigenvalue of ami(u) on
[d˜] is
∏
j≤i(u− pij)
∏
k≤m(u− pmk)
−1. 
Theorem 3.21. M is an irreducible Ŷ -module.
Proof. According to Theorem 3.20, the Gelfand-Tsetlin subalgebra of Ŷ gen-
erated by hi,r acts diagonally in the basis {[d˜]} with pairwise distinct joint
eigenvalues. Therefore it suffices to check the following two things:
1. for each [d˜] there is an index i such that x−i,0[d˜] 6= 0;
2. for each [d˜] 6= [0˜] there is an index i such that x+i,0[d˜] 6= 0.
Both follow directly from Theorem 3.20. 
3.22. Specialization of Gelfand-Tsetlin base
We fix a positive integer K (a level). We consider an n-tuple
µ = (µ1−n, . . . , µ0) ∈ Z
n such that µ0+K ≥ µ1−n ≥ µ2−n ≥ . . . ≥ µ−1 ≥ µ0.
We view µ as a dominant (integrable) weight of gˆln of level K. We extend µ
to a nonincreasing sequence µ˜ = (µ˜i)i∈Z setting µ˜i := µi (mod n) + ⌊
−i
n
⌋K.
We define a subset D(µ) (affine Gelfand-Tsetlin patterns) of the set D
of all collections d˜ satisfying the conditions (24) as follows:
d˜ ∈ D(µ) iff dij − µ˜j ≤ di+l,j+l − µ˜j+l ∀ j ≤ i, l ≥ 0. (41)
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We specialize the values of x1, . . . , xn, ~, ~
′ so that
~ = 1, ~′ = −K − n, xj = µ˜j − j + 1. (42)
We define the renormalized vectors
〈d˜〉 := C−1
d˜
[d˜] (43)
where C
d˜
is the product
∏
w∈T
d˜
Pd
w of the weights of T˜ × C∗ × C∗ in the
tangent space to Pd at the point d˜. The explicit formula for the multiset {w}
is given in Proposition 4.15 below. Namely, one has to plug d˜′ = d˜ into the
formula of Proposition 4.15, then expand it as a sum of Laurent monomials
in t, q, q′ with positive integer coefficients, and then replace each monomial
qb(q′)c
∏n
i=1 t
2ai
i with the corresponding weight w = b~ + c~
′ +
∑n
i=1 aixi
(with multiplicity given by the corresponding positive integer coefficient).
We define V (µ) as the C-linear span of the vectors 〈d˜〉 for d˜ ∈ D(µ).
Theorem 3.23. The formulas of Theorem 3.20 give rise to the action of Ŷ /(~−
1, ~′ +K + n) in V (µ).
Proof. It follows from (61) below that for the matrix coefficients in the renor-
malized basis {〈d˜〉} we have e
i〈d˜,d˜′〉 = −fi[d˜′,d˜], fi〈d˜,d˜′〉 = −ei[d˜′,d˜]. We have to
check two things:
a) for d˜ ∈ D(µ) the denominators of the matrix coefficients x±
i,r〈d˜,d˜′〉
do
not vanish;
b) for d˜ ∈ D(µ), d˜′ 6∈ D(µ) the numerators of the matrix coefficients
x±
i,r〈d˜,d˜′〉
do vanish. Both are straightforward. 
Remark 3.24. It seems likely that applying the Schur-Weyl functor of [12]
to V (µ) and then going to the limit n → ∞ one obtains the “tableaux
representations” (see section 3 of [21]) of the trigonometric Cherednik algebra
of type A.
Restricting V (µ) to U(sˆln) ⊂ Ŷ we obtain the same named sˆln-module.
Recall the embedding sˆln ⊂ gˆln of section 3.12.
Conjecture 3.25. The sˆln-module V (µ) extends to the irreducible integrable
gˆln-module with highest weight µ.
Though we do not know how to define the action of Heisenberg algebra
on V (µ), we can prove the following weak version of Conjecture 3.25.
Theorem 3.26. The character of V (µ) equals the character of the irreducible
integrable gˆln-module with highest weight µ.
Proof. We will use a combinatorial model for integrable ŝln-crystals intro-
duced by P. Tingley in [22], namely, the cylindric plane partitions model of
section 4 of loc. cit. We will denote by Bµ the set of cylindric plane partitions
with boundary µ (loc. cit., Definition 4.6). P. Tingley introduces a structure
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of ŝln-crystal on Bµ (section 4.2 of loc. cit.), and proves (Theorem 4.16 of
loc. cit.) that this crystal is isomorphic to the ŝln-crystal of the irreducible
integrable gˆln-module with highest weight µ.
Thus it remains to construct a weight-preserving bijection betweenD(µ)
and Bµ (adding a fourth combinatorial model to Tingley’s list). Namely,
given a cylindric plane partition π ∈ Bµ we view it in the three dimensional
representation of Figure 13 of loc. cit. We shift the boxes in each row x =
x0, z = z0 in y-direction so that the boundary (the infinitely high wall) of
π becomes the plane y = 0. We will denote the resulting configuration of
boxes by πred. Note that it is not a plane partition anymore: the heights of
piles are not necessarily nonincreasing in x-direction, though the heights of
piles in y-direction are still nonincreasing. Still we can reconstruct π from
πred shifting back by µ˜ in y-direction.
We will denote by π∗red the three dimensional picture of πred reflected
in the plane z = y. We denote the height of pile of π∗red at (x, y) by h(π)x,y.
Here x and y are integers, and y is nonnegative. Finally, we set d(π)ij :=
h(π)−j,i−j . It is easy to see that the condition of π being a cylindric plane
partition with boundary µ is equivalent to the condition d(π) ∈ D(µ). Thus
we have constructed the desired bijection. This completes the proof of the
theorem. 
4. Cohomology rings of affine Laumon spaces
4.1. Affine Gelfand-Tsetlin subalgebra
We extend the scalars in the C[~, ~′]-algebra Ŷ to C(~, ~′)[x1, . . . , xn], and
denote the resulting algebra by Y˜ . We define the affine Gelfand-Tsetlin sub-
algebra Aaff ⊂ Y˜ as the subalgebra generated by all the elements hi,r.
In this section we construct a surjective homomorphism from the affine
Gelfand-Tsetlin subalgebra Aaff ⊂ Y˜ to the localized equivariant cohomol-
ogy ring locH•
T˜×C∗×C∗
(Pd) := H
•
T˜×C∗×C∗
(Pd) ⊗C[~,~′] C(~, ~
′). Namely, let
1d ∈ H
•
T˜×C∗×C∗
(Pd) denote the unit element of the cohomology ring. For
a ∈ Aaff we set ψ(a) := a(1d) (the action of Theorem 3.19).
Theorem 4.2. The homomorphism ψ : Aaff →
locH•
T˜×C∗×C∗
(Pd) is surjective.
The proof occupies the rest of the section.
4.3. Modified generators
First we are going to express the coefficients of a0i(u) as polynomials in hk,r .
Note that a00(u) = 1 and
a0,i+n(u)a0,n(u)
−1 = an,i+n(u) = a0i(u +
~′
~
), (44)
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and hence it is sufficient to express a0i(u) for i = 1, . . . , n. We have
a0i(u+
i− 1
2
)−1a0i(u+
i+ 1
2
)−1a0,i−1(u+
i− 1
2
)a0,i+1(u+
i+ 1
2
) = hi(u).
(45)
By induction we obtain
a0i(u) =
i−1∏
j=0
a01(u− j)
i−1∏
j=1
i−j∏
l=1
hj(u− l −
j − 1
2
). (46)
Thus it remains to express a01(u). From (44) for i = 1 and (46) for i =
n, n+ 1, we have
a01(u− n)
n∏
j=1
hj(u− n+
j − 1
2
) = a01(u+
~′
~
). (47)
For ~
′
~
6= −n this equation uniquely determines a01(u).
Remark 4.4. The “critical” value ~
′
~
= −n corresponds to the level 0 Verma
module, and, on the other hand, to the specialization of the affine Yangian
Ŷ to β = −nλ4 +
λ
2 . This corresponds to the degenerate trigonometric DAHA
H0,c by the Schur-Weyl duality (see [12]). There is an additional relation on
hi(u) for
~
′
~
= −n, namely,
n∏
j=1
hj(u− n+
j−1
2 ) = 1.
4.5. Ku¨nneth components of characteristic classes
Now we are going to express the Ku¨nneth components of characteristic
classes of the tautological bundles Fi on Pd × C × X in terms of the
coefficients of a0k(u) (for all k). We start by noting that our definition (36)
is equivalent to the following: under the Ku¨nneth decomposition, one writes
cj(Wmi) =: c
(j)
j (Wmi)⊗ 1+ c
(j−1)
j (Wmi)⊗ τ where c
(j)
j (Wmi) ∈ H
2j
T˜×C∗
(Pd),
and c
(j−1)
j (Wmi) ∈ H
2j−2
T˜×C∗
(Pd). By equivariant localization on C \ ∞ ∼= A
1,
it is not hard to prove:
ami(u) = u
i−m +
∞∑
r=1
(−~)−r
(
c(r)r (Wmi)− ~c
(r−1)
r (Wmi)
)
ui−m−r. (48)
Let τ and τ ′ stand for the first Chern class of the
line bundle O(1) on C and X, respectively. Then we have
cj(Fi) =: c
(j)
j (Fi) ⊗ 1 + c
(j−1)
j (Fi) ⊗ τ + c
(j−1)′
j (Fi) ⊗ τ
′ + c
(j−2)
j (Fi) ⊗ ττ
′
for the Ku¨nneth components c
(j)
j (Fi), c
(j−1)
j (Fi), c
(j−1)′
j (Fi), c
(j−2)
j (Fi). In
order to prove that all the Ku¨nneth components just defined are expressible
in terms of the coefficients of all a0k(u), it suffices to do this for just one
tautological bundle F0.
For an equivariant vector bundle F on Pd × C × X let X
d˜,0,0(F)
denote the multiset of characters of T˜ × C∗ × C∗ at the fixed
point (d˜, 0, 0) ∈ Pd × C × X. Similarly, we define the multisets
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X d˜,0,∞(F), X d˜,∞,0(F), X d˜,∞,∞(F). Let e
d˜,0,0
j (F) stand for the sum of
products of j distinct elements of the multiset X d˜,0,0(F). Similarly, we
define e
d˜,0,∞
j (F), e
d˜,∞,0
j (F), e
d˜,∞,∞
j (F) ∈ C[~, ~
′, x1, . . . , xn]. Let e
0,0
j (F) be
the diagonal operator in the basis {[d˜]} with eigenvalues e
d˜,0,0
j (F). Similarly,
we define e0,∞j (F), e
∞,0
j (F), e
∞,∞
j (F).
We have
e0,0j (F) = c
(j)
j (F)− ~c
(j−1)
j (F)− ~
′c
(j−1)′
j (F) + ~~
′c
(j−2)
j (F)
e0,∞j (F) = c
(j)
j (F)− ~c
(j−1)
j (F) + ~
′c
(j−1)′
j (F)− ~~
′c
(j−2)
j (F)
e∞,0j (F) = c
(j)
j (F) + ~c
(j−1)
j (F)− ~
′c
(j−1)′
j (F)− ~~
′c
(j−2)
j (F)
e∞,∞j (F) = c
(j)
j (F) + ~c
(j−1)
j (F) + ~
′c
(j−1)′
j (F) + ~~
′c
(j−2)
j (F) (49)
For an equivariant vector bundle G on Pd ×C we spare the reader the
bulk of the similar self-explaining notation but just note that we have
e0j(G) = c
(j)
j (G)− ~c
(j−1)
j (G), e
∞
j (G) = c
(j)
j (G) + ~c
(j−1)
j (G) (50)
whence
c
(j)
j (G) =
1
2
(e∞j (G) + e
0
j(G)), c
(j−1)
j (G) =
1
2~
(e∞j (G)− e
0
j(G)) (51)
If we have G = F|Pd×C×0 then e
0,0
j (F) = e
0
j(G), that is
c
(j)
j (F)−~c
(j−1)
j (F)−~
′c
(j−1)′
j (F)+~~
′c
(j−2)
j (F) = c
(j)
j (G)−~c
(j−1)
j (G). (52)
The equality (52) makes sense in the equivariantK-groups of Pd×C×X and
Pd×C, so it holds true for any coherent sheaf F on Pd×C×X and its (left
derived) restriction G to Pd×C× 0. Let us take F = F0, so that G = W−n,0,
and then (48) shows that the RHS of (52) is just a coefficient of the series
a−n,0(u). Note that e
0,∞
j (Fn), e
∞,0
j (Fn), and e
∞,∞
j (F0) are all equal to the
j-th elementary symmetric function of the variables x1, . . . , xn. Now it is easy
to see that the system (49) can be solved over the ring C(~, ~′)[x1, . . . , xn] to
express the Ku¨nneth components c
(j)
j (F0), c
(j−1)
j (F0), c
(j−1)′
j (F0), c
(j−2)
j (F0)
in terms of the coefficients of the series a−n,0(u) (or equivalently, in terms of
the coefficients of the series a0n(u)).
4.6. Okounkov’s vector bundle E
Now it remains to prove that locH•
T˜×C∗×C∗
(Pd) is generated by the Ku¨nneth
components of the Chern classes of the tautological bundles Fi. By Theo-
rem 2.1 in [6], it is enough to show that the cohomology class of the diagonal
∆ ⊂ Pd × Pd is of the form
[∆] =
∑
i
αi ⊠ βi, (53)
where αi, βi ∈
locH•
T̂×C∗×C∗
(Pd) are generated by the Ku¨nneth components
of the Chern classes of the tautological bundles. The following sections are
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concerned with proving this fact: we will compute the class [∆] and show
that it is of the form (53).
Recall the setup of subsection 3.4, where we realized a parabolic sheaf
F• as a single, G = Z/nZ−invariant sheaf F˜. Following [4], consider the sheaf
E on Pd × Pd, whose fiber above (F•,F
′
•) is
E|(F•,F′•) = Ext
1
G(F˜
′, F˜(−D∞))
In the above, Ext1G denotes the G−invariant part of the vector space in ques-
tion. By the Kodaira-Spencer theorem, the restriction of E to the diagonal
∆ ⊂ Pd × Pd coincides with the tangent bundle of ∆ ∼= Pd.
Proposition 4.7. The sheaf E is a vector bundle of rank 2(d1 + · · ·+ dn) on
Pd × Pd. Note that the rank of E equals half of the dimension of the base
space.
Proof. Since our sheaves are on the surface S, all Exti groups vanish for
i > 2. However, in our particular case we can say more. Because F˜ and
F˜′ have the same trivialization at D∞, they have the same first Chern
class and thus Hom(F˜′, F˜(−D∞)) = 0. Moreover, Serre duality implies that
Ext2(F˜′, F˜(−D∞)) ∼= Hom(F˜, F˜′(−D∞)), which vanishes for the same rea-
son. This suggests that instead of Ext1 one should consider the following
functor of sheaves on S:
χ(S′, S) := Hom(S′, S)− Ext1(S′, S) + Ext2(S′, S).
Then the above discussion implies that
E|(F•,F′•) = Ext
1
G(F˜
′, F˜(−D∞)) = −χG(F˜′, F˜(−D∞)),
where χG denotes the G−invariant part of the vector space in question.
Therefore, Corollary 7.9.9 of [11] implies that the dimension of the fibers
of E is constant, and therefore E is a vector bundle. The fact that its rank
equals 2(d1 + · · ·+ dn) follows from Remark 4.16. 
4.8. A section of E
Now we will construct a regular section of E that vanishes on the diagonal ∆.
The following construction was proposed by A. Kuznetsov. For any (F•,F
′
•) ∈
Pd × Pd, consider the short exact sequence
0→ F˜(−D∞)→ F˜ → F˜|D∞ → 0
Apply the functor HomG(F˜′, ·) to the above short exact sequence, and we
will obtain the following long exact sequence
· · · → HomG(F˜′, F˜)→ HomG(F˜′, F˜|D∞)→ Ext
1
G(F˜
′, F˜(−D∞))→ · · · (54)
Since our parabolic sheaves are framed at D∞, then there is a fixed iso-
morphism F˜|D∞
∼= F˜′|D∞ . Therefore, the morphism which restricts F˜
′ to
F˜′|D∞
∼= F˜|D∞ is an element of the middle Hom space in the above exact
sequence. Push this element forward to Ext1G(F˜
′, F˜(−D∞)), and by definition
this will be the value of our section s(F•,F
′
•).
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Proposition 4.9. The zero locus of s is precisely the diagonal ∆ ⊂ Pd × Pd.
Proof. The fact that s(F•,F•) = 0 easily follows from the long exact sequence
(54). Indeed, in this case the element of the middle Hom space which we push
forward to obtain s(F•,F•) simply comes from the identity element in the
left Hom space. Since the composition of two successive maps in a long exact
sequence is zero, this implies that s(F•,F•) = 0.
Conversely, suppose s(F•,F
′
•) = 0. By the exactness of (54), it fol-
lows that the natural restriction morphism in the middle Hom space comes
from the left Hom space. This implies that there exists a morphism φ ∈
HomG(F˜′, F˜) which restricts to the identity on D∞. Since the sheaves F˜′ and
F˜ have the same framing atD∞, such a φ can exist only if F˜′ ⊂ F˜ ⇔ F
′
• ⊂ F•
(in which case φ can only be the natural inclusion). Since F• and F
′
• have
the same first and second Chern classes, this implies that F′• = F•. 
The zero-locus [∆] is irreducible (since it is isomorphic to Pd), and by
Proposition 4.7 its codimension in Pd × Pd precisely equals the rank of the
bundle E. Therefore we have
e(E) = k · [∆], (55)
where k ∈ N is the order of vanishing of the section s at its zero-locus.
Remark 4.10. We conjecture that the section s is transversal, and therefore
k = 1. However, we will not need this technical result.
4.11. The class of E
In this section, we will compute the class of E in the T˜ ×C∗×C∗-equivariant
K-theory of Pd × Pd. In the following, we will abuse notation and denote by
χ(F′k−1−n,Fk−n(−D∞)) and χ(F
′
k−n,Fk−n(−D∞)) the sheaves over Pd×Pd
whose fibers above (F•,F
′
•) are the χ spaces in question. By the argument of
Proposition 4.7, these sheaves are vector bundles. Recall the character q′ of
T˜ × C∗ × C∗.
Proposition 4.12. We have the following equality of K-theory classes:
[E] =
n∑
k=1
[χ(F′k−n,Fk−n(−D∞))]−
n∑
k=1
[χ(F′k−1−n,Fk−n(−D∞))]
q′ − 1
. (56)
Remark 4.13. The equivariant K-theory of Pd × Pd is an algebra over the
ring of scalars K0 := KT˜×C∗×C∗(pt). Relation (56) only makes sense in the
localized equivariant K-theory algebra, i.e. localized with respect to q − 1 ∈
K0.
Proof. By the Thomason localization theorem, restriction to the fixed point
locus produces the following isomorphism of vector spaces
K
T˜×C∗×C∗(Pd × Pd)
⊗
K0
Frac(K0)
∼
−→
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K
T˜×C∗×C∗(P
T˜×C∗×C∗
d × P
T˜×C∗×C∗
d )
⊗
K0
Frac(K0).
Therefore, to prove the equality (56) it is enough to show that equality
holds when restricting to every torus fixed point of Pd × Pd. But the fixed
points are isolated, and thus at each fixed point will we just have to check
an isomorphism of T˜ × C∗ × C∗−representations. Two representations of
a torus are isomorphic if and only if their characters are equal. Thus, we
only need to compute the characters of T˜ × C∗ × C∗ in the fixed fibers
of the left hand side and right hand side of (56), and show that they are equal.
Recall from sections 3.2 and 3.4 that a fixed point (F•,F
′
•) ∈ Pd×Pd is
given by two collections of partitions (λ,λ′), or alternatively by two vectors
of positive integers (d˜, d˜
′
). The relation between λ and d˜ is given by relations
(22) and (23): if 1 ≤ k, l ≤ n, then
λkls = dns−n⌊ k−l
n
⌋+k,l
The computation of the characters we need is based on the following lemma:
Lemma 4.14. Let D0 = C × 0X and D1 = 0C × X. Let us consider two
partitions λ, λ′ and the associated rank 1 torsion free sheaves Jλ, Jλ′ on S.
Then the torus character of C∗×C∗ in χ(Jλ′ , Jλ(−D∞+αD0+βD1)) equals
charαβ(λ
′, λ) := −
∞∑
i=0
∞∑
i′=0
qβ+1
(qλ
′
i′ − 1)(q−λi − 1)
q − 1
· q′
α+i′−i
(q′ − 1)+
+
∞∑
i=0
qβ+1
q−λi − 1
q − 1
· q′
α−i
−
∞∑
i′=0
qβ+1
qλ
′
i′ − 1
q − 1
· q′
α+i′+1
+ qq′
qβ − 1
q − 1
·
q′
α
− 1
q′ − 1
Proof. Let us begin by noting that the character of C∗ × C∗ in
χ(OS,OS(−D∞ + aD0 + bD1)) equals
chara,b := qq
′ ·
qb − 1
q − 1
·
q′
a
− 1
q′ − 1
(57)
Recall that Jλ = y
0zλ0 + ... + ytzλt , where t is large enough such that
λt = 0. Then a resolution of Jλ is naturally given by
0→
t−1⊕
i=0
OS(−(i+ 1)D0 − λiD1)→
t⊕
i=0
OS(−iD0 − λiD1)→ Jλ → 0
A similar resolution holds for Jλ′ . Since both the functor χ and the character
of a representation are additive in exact sequences, we have
charα,β(λ
′, λ) =
t∑
i=0
t′∑
i′=0
chari′−i+α,λ′
i′
−λi+β−
t∑
i=0
t′−1∑
i′=0
chari′−i+1+α,λ′
i′
−λi+β−
−
t−1∑
i=0
t′∑
i′=0
chari′−i−1+α,λ′
i′
−λi+β +
t−1∑
i=0
t′−1∑
i′=0
chari′−i+α,λ′
i′
−λi+β
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The desired formula for charαβ(λ
′, λ) in the statement of the lemma is ob-
tained by plugging (57) into the above expression, and performing some pre-
dictable computational manipulations. 
Recall that our fixed parabolic sheaves F˜′ and F˜ have the form (21).
Thus one can compute the torus character in χ(F˜′, F˜(−D∞)) by applying
the above Lemma. Then, to obtain the torus character in the G−invariant
part of this representation, we must keep only the terms of the form q′
nx
· . . . ,
and replace them by q′
x
·. . . . In this way, we obtain the following result. Let ti
stand for the following character of T˜×C∗×C∗ : (t1, . . . , ti, . . . , tn, v, c) 7→ ti.
Proposition 4.15. The character of T˜ × C∗ × C∗ in E|(F•,F′•) =
−χG(F˜′, F˜(−D∞)) equals
n∑
k=1
l′≤k−1∑
l≤k
t2l
t2l′
· q
(qd
′
(k−1)l′ − 1)(q−dkl − 1)
q − 1
· q′
⌊−l
′
n
⌋−⌊−l
n
⌋
+
+
n∑
k=1
∑
l′≤k−1
t2k
t2l′
· q
qd
′
(k−1)l′ − 1
q − 1
· q′
⌊−l
′
n
⌋−⌊−k
n
⌋
−
−
n∑
k=1
l′≤k∑
l≤k
t2l
t2l′
· q
(qd
′
kl′ − 1)(q−dkl − 1)
q − 1
· q′
⌊−l
′
n
⌋−⌊−l
n
⌋
−
−
n∑
k=1
∑
l≤k
t2l
t2k
· q
q−dkl − 1
q − 1
· q′
⌊−k
n
⌋−⌊−l
n
⌋
where tl := tl mod n.
Remark 4.16. By letting q, q′, tl → 1 in the above expression, one obtains that
the dimension of the fiber of E equals
∑
i≥j dij+
∑
i≥j d
′
ij = 2(d1+· · ·+dn) =
dim(Pd).
Remark 4.17. As was noted above, the restriction of E to the diagonal is
isomorphic to the tangent bundle of Pd. Therefore, the torus character in a
fixed tangent space to Pd is obtained by setting d˜ = d˜
′ in the above expression.
In a similar way, one computes the character in the right hand side
of (56).
Proposition 4.18. The character of T˜ ×C∗ ×C∗ in χ(F′k−1−n,Fk−n(−D∞))
equals
−
l′≤k−1∑
l≤k
t2l
t2l′
· q
(qd
′
(k−1)l′ − 1)(q−dkl − 1)
q − 1
· q′
⌊−l
′
n
⌋−⌊−l
n
⌋
(q′ − 1)+
+
n∑
l′=1
∑
l≤k
t2l
t2l′
· q
q−dkl − 1
q − 1
· q′
⌊ l
′−k
n
⌋−⌊−l
n
⌋
−
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−
n∑
l=1
∑
l′≤k−1
t2l
t2l′
· q
qd
′
(k−1)l′ − 1
q − 1
· q′
⌊−l
′
n
⌋−⌊ l−k−1
n
⌋+1
Similarly, the character of T˜ × C∗ × C∗ in χ(F′k−n,Fk−n(−D∞)) equals
−
l′≤k∑
l≤k
t2l
t2l′
· q
(qd
′
kl′ − 1)(q−dkl − 1)
q − 1
· q′
⌊−l
′
n
⌋−⌊−l
n
⌋
(q′ − 1)+
+
n∑
l′=1
∑
l≤k
t2l
t2l′
· q
q−dkl − 1
q − 1
· q′
⌊ l
′−k−1
n
⌋−⌊−l
n
⌋
−
−
n∑
l=1
∑
l′≤k
t2l
t2l′
· q
qd
′
kl′ − 1
q − 1
· q′
⌊−l
′
n
⌋−⌊ l−k−1
n
⌋+1
The above two propositions allow us to compare the left and right hand
sides of (56) at the level of characters in the fixed fibers, and note that they
are equal. As was mentioned at the beginning of the proof, this is enough to
ensure that equality (56) holds in equivariant K-theory. 
4.19. Relation to Ku¨nneth components
The vector bundles χ(F′k,Fk(−D∞)), χ(F
′
k−1,Fk(−D∞)) can be linked to
the Ku¨nneth components of the Chern classes of the universal sheaves Fk
through a universal procedure that we illustrate below. Let π : Pd × S→ Pd
denote the standard projection. The Beilinson spectral sequence (Theorem
3.1.3 of [20]) for the universal sheaf Fk has E1 term given by
Epq1 = R
qπ∗Fk(. . . )⊠ Ω
−p
S
(. . . ),
where . . . denote twists by line bundles on S, which do not depend on the
integer q. This spectral sequence converges, and the E∞ term has E
pq
∞ = 0 for
p+ q 6= 0, while Ep,−p∞ gives a filtration of Fk itself. As a general fact about
spectral sequences, the K-theory class of the alternating sum (−1)p+qEpqr is
the same for all r. Equating these K-theory classes for r = 1 and r = ∞
gives us the following identity in the K-theory ring of Fk × S:
[Fk] =
∑
p
(−1)p
(∑
q
(−1)q[Rqπ∗Fk(. . . )]
)
⊠ [Ω−p
S
(. . . )]. (58)
Consider the following complex of sheaves G on Pd × Pd × S:
G := RHomS(F
′
k,Fk(−D∞))
∼= Fk(−D∞)
L
⊗OS F
′
k
∨,
where F′k
∨ stands for the dual sheaf RHom(F′k,O). Let π˜ : Pd × Pd × S →
Pd × Pd denote the standard projection. Since the functor χ is the derived
functor of Hom, we have the obvious identity in K-theory:
[χ(F′k,Fk(−D∞))] =
∑
q
(−1)qRqπ˜∗[G]. (59)
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However, the class of G is clearly given by
[G] = [Fk(−D∞)]⊗ [F
∨
k ],
where we suppress the notation for the obvious pull-back morphisms. We can
use (58) to evaluate the above:
[G] =
∑
p1
∑
p2
(∑
q
(−1)q[Rqπ∗Fk(. . . )]
)
⊠
(∑
q
(−1)q[Rqπ∗Fk(. . . )
∨]
)
⊠
(
[Ω−p1
S
(. . . )]⊗ [Ω−p2
S
(. . . )∨]
)
Plugging this into (59) gives us
[χ(F′k,Fk(−D∞))] =
∑
p1
∑
p2
(∑
q
(−1)q[Rqπ∗Fk(. . . )]
)
⊠(∑
q
(−1)q[Rqπ∗Fk(. . . )
∨]
)
· Z, (60)
where Z = χ(Ω−p2
S
(. . . ),Ω−p1
S
(. . . )) is a constant in the K-theory algebra.
By the Grothendieck-Riemann-Roch theorem applied to the projection map
π : Pd × S→ Pd, we obtain
ch
(∑
q
(−1)qRqπ∗Fk(. . . )
)
= π∗ch(Fk · . . . ),
where . . . again denotes a class on S. Each graded piece of the right hand
side is precisely a certain polynomial in the Ku¨nneth components of the
tautological bundle Fk. Thus, applying the Chern character to (60), we see
that the Chern classes of the bundle χ(F′k,Fk(−D∞)) are exterior products
of polynomials in the Ku¨nneth components of the tautological bundle Fk.
This is exactly the form we want for the expression in the right hand side of
(53). By a similar argument, the Chern classes of χ(F′k−1,Fk(−D∞)) will
also be exterior products of polynomials in the Ku¨nneth components of the
Chern classes of the tautological bundles.
Now let us look at relation (56). Since q′ = e~
′
, this relation allows us
to inductively express the Chern classes of E in terms of the Chern classes of
the bundles χ(F′k,Fk(−D∞)), χ(F
′
k−1,Fk(−D∞)). More precisely, the Chern
classes of E will be polynomials in the Chern classes of the χ bundles (divided
by polynomials in the constant ~′, but this is allowed since we tensor all our
cohomology rings by C(~, ~′)). Therefore the Chern classes of E all have the
form in the right hand side of (53). By (55), [∆] will also have that form.
This completes the proof of Theorem 4.2.
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4.20. Torus eigenvalues in the tangent spaces
In this section, we will use torus character computations as in section 4.11
in order to prove Theorem 3.11. In other words, we want to compute the
matrix coefficients of ei, fi in the basis [d˜]. By equivariant localization, this
comes down to computing the torus character in the tangent spaces to
Ed,i at the torus fixed points. If we let d
′
j = dj + δ
i
j mod n, recall that the
correspondence Ed,i ⊂ Pd × Pd′ consists of flags (F•,F
′
•) such that F
′
j = Fj
for i 6= j mod n, while F′j ⊂ Fj for i = j mod n.
Let η : S → S be given by η(x, y) = (x, yn+1). Let H = Z/(n + 1)Z,
which acts on S = C×X by multiplying X with the roots of unity of order
n + 1. As in section 3.4, to any point (F•,F
′
•) ∈ Ed,i we can associate the
single H−invariant sheaf
H := η∗F1−n + η
∗
F2−n(−D0) + · · ·+
η∗F′i−n(−(i− 1)D0) + η
∗Fi−n(−iD0) + · · ·+ η
∗F0(−nD0).
This gives a realization of Ed,i as the moduli space of H−invariant sheaves
on S satisfying a certain framing at D∞ and certain numerical conditions.
Moreover, the tangent space to this moduli space at the point (F•,F
′
•) is
given by:
T(F•,F′•)Ed,i = Ext
1
H(H,H(−D∞)).
Just like in the proof of Proposition 4.7, the corresponding Hom and Ext2
spaces vanish, and therefore we have
T(F•,F′•)Ed,i = −χH(H,H(−D∞)).
We want now to compute the character of T˜ × C∗ × C∗ in this tangent
space, when (F•,F
′
•) ∈ Ed,i is a torus fixed point. Recall that F•,F
′
• are
given by collections of indices d˜, d˜′, and that their components break up into
direct sums as in (20). Then we can use Lemma 4.14 to compute the torus
character in χ(H,H(−D∞)). To obtain the H−invariant part of this, we keep
only those terms of the form q′(n+1)x · . . . and replace them with q′x · . . . .
Carrying this computation through, we obtain:
Proposition 4.21. The torus character in the tangent space to Ed,i above the
torus fixed point given by indices d˜, d˜′ equals
n∑
k=1
l′≤k−1∑
l≤k
t2l
t2l′
· q
(qd(k−1)l′ − 1)(q−dkl − 1)
q − 1
· q′
⌊−l
′
n
⌋−⌊−l
n
⌋
+
+
n∑
k=1
∑
l′≤k−1
t2k
t2l′
· q
qd(k−1)l′ − 1
q − 1
· q′
⌊−l
′
n
⌋−⌊−k
n
⌋
−
−
n∑
k=1
l′≤k∑
l≤k
t2l
t2l′
· q
(qdkl′ − 1)(q−dkl − 1)
q − 1
· q′
⌊−l
′
n
⌋−⌊−l
n
⌋
−
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−
n∑
k=1
∑
l≤k
t2l
t2k
· q
q−dkl − 1
q − 1
· q′
⌊−k
n
⌋−⌊−l
n
⌋
+
+q − q−dij+d(i−1)j +
t2j
t2i
· q−dij+dii · q′
⌊−i
n
⌋−⌊−j
n
⌋
+
+
∑
j 6=k≤i−1
t2j
t2k
· q−dij · (qdik − qd(i−1)k ) · q′
⌊−k
n
⌋−⌊−j
n
⌋
if d′ij = dij + 1 for certain j ≤ i.
4.22. Proof of Theorem 3.11
Proposition 4.21 enables us to prove Theorem 3.11. Indeed, by Theorem 3.7
in [19], we have
ei[d˜] = −q∗p
∗[d˜] = −
∑
d˜′
[d˜′] ·
∏
w∈T
d˜
Pd
w
∏
w∈T
(d˜,˜d′)
Ed,i
w
, (61)
where the notation
∏
w∈T...
denotes the product of the torus weights in the
respective tangent spaces. The sum above runs over all d˜′ such that d′ij =
dij+1 for a certain j. The coefficient ei[d˜,d˜′] is precisely the ratio of products of
weights in the above expression. To compute this ratio, note that Remark 4.17
and Proposition 4.21 imply that the character in T
d˜
Pd minus the character
in T
(d˜,d˜′)
Ed,i is precisely
−q + q−dij+d(i−1)j −
t2j
t2i
· q−dij+dii · q′
⌊−i
n
⌋−⌊−j
n
⌋
+
∑
j 6=k≤i−1
t2j
t2k
· (qd(i−1)k−dij − qdik−dij ) · q′
⌊−k
n
⌋−⌊−j
n
⌋
The above expression is a sum of terms of the form ±ew, where w runs over
the weights in the ratio we want to compute. This easily shows that the
matrix coefficient of ei has the form claimed in Theorem 3.11. The matrix
coefficients of fi are computed in the same way, and thus Theorem 3.11 is
proved.
5. Cohomology ring of Mn,d
5.1. Giesecker moduli space
Mn,d is the moduli space of torsion free sheaves onC×X of rank n and second
Chern class d, trivialized at C×∞X ∪∞C×X (see [17], section 2). We have
an evident morphism η : Pd → Mn,d0 (forgetting the flag). It induces the
morphism on cohomology η∗ : H•
T˜×C∗×C∗
(Mn,d0)→ H
•
T˜×C∗×C∗
(Pd).
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Lemma 5.2. Assume d = (d, . . . , d). Then η∗ : H•
T˜×C∗×C∗
(Mn,d) →
H•
T˜×C∗×C∗
(Pd,...,d) is an embedding.
Proof. Embedding the source and the target of η∗ into their localizations and
applying the Localization Theorem, it suffices to check that η is surjective on
the sets of torus-fixed points. This is clear. 
5.3. Yangian of gln.
We will view H•
T˜×C∗×C∗
(Mn,d) as a subring of H
•
T˜×C∗×C∗
(Pd,...,d). Our next
task is to exhibit a subalgebra ZY (gln) ⊂ Aaff such that ψ(ZY (gln)) =
H•
T˜×C∗×C∗
(Mn,d).
The elements hi,r, i = 1, . . . , n, together with x
±
i,r, i = 1, . . . , n − 1,
generate a copy of Y (gln) inside Ŷ . According to [16], the Fourier components
of a0,n(u) generate the center ZY (gln) of Y (gln). The eigenvalue of a0,n(u)
on the basis vector [d˜] is
∏
j≤0(u− p0j + ~
′)(u− p0j)
−1.
Theorem 5.4. Assume d = (d, . . . , d). Then ψ(ZY (gln) ⊗
C(~, ~′)[x1, . . . , xn]) = η
∗(locH•
T˜×C∗×C∗
(Mn,d)).
Proof. Follows from the proof of Theorem 4.2. The fact that the cohomology
ring of Mn,d is generated by the Ku¨nneth components of the Chern classes
of the universal bundle F on Mn,d × C × X follows from the resolution of
diagonal of Mn,d constructed in section 4 of [17]. 
5.5. Determinant line bundle
We consider the line bundle D0 on Pd whose fiber at the point (F•) equals
detRΓ(C×X,F0).
Lemma 5.6. D0 is a T˜×C
∗×C∗-equivariant line bundle, and the character of
T˜ ×C∗×C∗ acting in the fiber of D0 at a point d˜ = (dij) equals
∑n
j=1 xj(1−∑
k=j mod n d0k) +
1
2
∑
j≤0 d0j(d0j − 1)~+
∑
j≤0 d0j⌊
−j
n
⌋~′.
Proof. Straightforward. 
Let Φn(u) =
∑
r≥0Φn,ru
−r−1 = ∂u log a0,n(u). This is the noncommu-
tative power sum of the second kind of Gelfand et al. (see [10] and [16] 7.3
and Corollary 1.11.8). Let N be the minimal number such that d0N 6= 0. The
eigenvalue of Φn(u) on [d˜] then reads∑
j≤0
(u− p0j + ~
′)−1 − (u− p0j)
−1 =
=
∑
N≤j≤0
−~′u−2(1 − (p0j − ~
′)u−1)−1(1− p0ju
−1)−1+
+
∑
N−n≤j≤N−1
u−1(1− (p0j − ~
′)u−1)−1.
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In particular, we have
Φn,1 = −
n∑
j=1
xj − n~
′,
Φn,2 =
n∑
j=1
(xj + ~
′)2 − 2~~′
∑
d0j ,
and
Φn,3 = −
n∑
j=1
(xj+~
′)3+3~~′(2
n∑
j=1
xj
∑
k=j mod n
d0k−
∑
d20j~−
∑
d0j(2⌊
−j
n
⌋−1)~′).
Theorem 5.7. The operator of multiplication by the first Chern class of the
determinant line bundle D0 acts as
−2Φn,3 + 3(~− ~
′)Φn,2 − 2
∑n
j=1(xj + ~
′)3 − 3(~− ~′)
∑n
j=1(xj + ~
′)2
12~~′
+
n∑
j=1
xj .
Proof. Due to Lemma 5.6, the eigenvalue of c1(D0) on [d˜] reads
n∑
j=1
xj(1−
∑
k=j mod n
d0k)+
1
2
∑
j≤0
d0j(d0j − 1)~+
∑
j≤0
d0j⌊
−j
n
⌋~′ =
n∑
j=1
xj−
−
1
2
2 n∑
j=1
xj
∑
k=j mod n
d0k −
∑
d20j~−
∑
d0j2⌊
−j
n
⌋~′ +
∑
d0j(~− ~
′)
 =
=
−2Φn,3 + 3(~− ~
′)Φn,2 − 2
∑n
j=1(xj + ~
′)3 − 3(~− ~′)
∑n
j=1(xj + ~
′)2
12~~′
+
n∑
j=1
xj .

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cylindric plane partitions, Intern. Math. Res. Notices rnm143, no. 2 (2008);
Errata: arXiv math/0702062v3.
[23] A. Tsymbaliuk, Quantum affine Gelfand-Tsetlin bases and quantum toroidal
algebra via K-theory of affine Laumon spaces, Selecta Math. 16 (2010), 173–
200.
[24] D. Uglov, Skew Schur Functions and Yangian Actions on Irreducible Inte-
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